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Abstract. The long-time correlations of fluctuations of lattice displacements in the quantum
paraelectrics SrTiQand KTaQ are studied within the framework of the mode-coupling theory

of the dynamic transition from an ergodic to a non-ergodic state caused by defects. It is shown
that the very hard local non-symmetry-breaking defects formed by the oxygen vacancies can
induce the dynamic transition &;. The low-temperature non-ergodic state is characterized by
long-time correlations of local fluctuations of the polar displacements, which continuously arise
for T < T,. Simultaneously, the local non-symmetry-breaking defects lead to the appearance
of long-time correlations of long-wavelength fluctuations of acoustic displacements via the local
random piezoelectric coupling f&f < 7,. The random local piezoelectric coupling is caused

by the electrostrictive interaction, which is modified by the random electric fields of the frozen
symmetry-breaking defects. The conditions that must be met for the dynamic transition to be
induced by the oxygen vacancies are analysed. It is also shown that the unavoidable oxygen
vacancies in the nominally pure Sri@nd KTaQ are quite sufficient in number to cause the
non-ergodic state. The role of the dynamic transition in the formation of the glass state for
lightly doped KTaQ and SrTiQ is discussed.

1. Introduction

It is well known that quantum paraelectrics (QPE) with the perovskite structuresABO
such as strontium titanate (SrCand potassium tantalate (KTgQshow a strong increase
in dielectric susceptibility at low temperatures, which is caused by softening of the polar
transverse optical modes. Over the temperature r@anges0 K, the dielectric susceptibility
follows the usual Curie—Weiss law with the extrapolated ferroelectric transition temperature
T.. However, the divergence does not occufatlt is suggested that quantum fluctuations
suppress the ferroelectric long-range order at low temperatures. As a result, the QPE
do not undergo a phase transition, and the paraelectric state persists down to the lowest
temperatures] — 0 [1]. Nevertheless, the ferroelectric phase transition can be induced by
the introduction of even small concentrations of impurities (of dipole [2, 3] or quadrupole [4]
type) or application of uniaxial stress [5]. Usually, it is suggested that the ferroelectric phase
transition in the QPE can be induced by local symmetry-breaking (SB) defects [2, 3], or the
soft non-symmetry-breaking (NSB) defects that lead to an increase of the local ferroelectric
transition temperature [6].

Raman spectroscopy and inelastic neutron scattering studies have revealed the
tremendous effect of the oxygen vacancies on the ferroelectric soft mode in reduced SrTiO
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[7]. Similar results have been obtained for KTaf8]. In these cases, the oxygen vacancies
act as very hard local NSB defects [7], which give rise to a decrease of the local ferroelectric
transition temperature. Unfortunately, the microscopic nature of the very strong NSB defects
formed by the oxygen vacancies is unknown, and cannot be explained by the weak effect
of dilatational centres via the electrostriction [7]. For the QPE, it is suggested that the hard
NSB defects lead only to stiffening of the ferroelectric mode.

However, the studies of the three-dimensional lattiéemodel with NSB defects [9—

11] have shown that NSB defects (and hard NSB defects also) and/or anharmonicity of the
pure lattice can give rise to a dynamic transition from an ergodic to a non-ergodic state.
The non-ergodic state is characterized by the formation of a long-time correlation (LTC) of
the fluctuations of the lattice distortions f@y; > 7., which correspond to the appearance

of quasi-static displacements (precursor order clusters). Generally, the appearance of a
non-zero value of the LTC of the fluctuations in the limit> oo gives rise to ergodic
breaking [12, 13]. Similar dynamic transitions from an ergodic to a non-ergodic state
within the framework of the self-consistent mode-coupling approximation were found for
the liquid—glass transition [14], orientational glasses [15], and patrticle localization in random
potentials [16].

The peculiarities of the dynamic transition are determined by the form of the non-linear
interaction or anharmonicity of the lattice. The anharmonicity of ¢flenodel without
defects leads to a discontinuous appearance of the LTC of the lattice distortions [10, 11],
while the NSB defects give rise to a continuous formation of LTC of the lattice distortions
for T < T, [9, 10]. In the case of NSB defects, the temperailydies far from7. [9, 10],
while T, the temperature of the discontinuous dynamic transition, lies in the vicinify of
but outside the critical region [11].

As noted above, the ferroelectric soft modes in the QPE take small but finite values as
T — 0 and the NSB defects induced by oxygen vacancies are very strong. In this case,
the conditions are more suited to a continuous dynamic transition than to the discontinuous
dynamic transition that can take place in the vicinityZpf It should pointed out that studies
of the dynamic transition induced by the hard NSB defects give us the opportunity to clarify
the role of reduction treatment in the formation of the non-ergodic state in ferroelectric
crystals. In the case of very strong NSB defects formed by the oxygen vacancies, only a
very small concentration of defects is required in order to induce the dynamic transition. As
arule, there are unavoidably oxygen vacancies in the nominally pure QPE. Therefore, studies
of the dynamic transition induced by the unavoidable oxygen vacancies in the nominally
pure KTaQ and SrTiQ are very important. The latest investigations of the effect of the
cooling rate on the long-time dependence of the dielectric constant [17] reveal the existence
of a non-ergodic state not only in the dipole glass state pf Ki,TaO; (x < 0.025) but
also in nominally pure KTa@ The results have been discussed in terms of a non-ergodic
ageing phenomenon observed in the spin-glass state [18]. Unfortunately, this treatment
cannot explain the appearance of this same non-ergodic state in the nominally purg KTaO
where the only unavoidable SB defects are non-interacting ones. In addfttda, NMR
measurements on nominally pure and lightly Nb-, Li-, and Na-doped KTa@stals [19]
have shown that Ta ions suddenly site in a local non-cubic environment on a timescale of
t > 107 s for T < 40 K. The sudden formation and continuous increase in magnitude of
guasi-static displacements of Ta ions are not accompanied by a static structural modification
of the lattice forT < 40 K. This phenomenon is like the continuous dynamic transition.
The measurements also demonstrate that the sharp appearance of the quasi-static distortions
of the lattice for7 < 40 K does not depend on there being a weak concentration of SB
defects, and, in fact, is not connected with the SB defects [19]. For the low-temperature
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region of the QPE, the SB defects are frozen and act as random fields. However, studies
of a model system for dipole glasses (the mixed crystals qf RbH,),H,POy) [20] show

that the random electric fields can modify the electrostrictive interaction of the polarization
and elastic deformation, which leads to the formation of the acoustic anomalies of the dipole
glass state. The electrostriction is the main cause of the coupling of the polarization and
elastic deformation in the QPE. In this case, the modified interaction can play an important
role in the formation of the LTC of the elastic deformation in the systems with random
fields. Hence, consideration of the conditions that must be met for a dynamic transition to
be induced by the hard NSB defects in the QPE with SB defects requires the presence of
the random electric fields to be taken into account.

It should be noted that the results of the work described in [19] are discussed there as
representing a possible case of transition-like phenomena, which were detecfed far K
in SrTiOs [21]. These phenomena are treated in terms of an anharmonicity of a defect-free
lattice [22, 23, 27]. Nevertheless, the anomalies [24]—in particulal for 32 K [25, 26]—
which are considered as results of transition-like phenomena may in fact be connected with
the unavoidable oxygen vacancies [23, 26].

The main purpose of this paper is to study the sharp appearance of the LTC of the
polar displacements caused by oxygen vacancies in the QPE. The consideration is carried
out on the basis of the mode-coupling theory of a dynamic transition from an ergodic to
a non-ergodic state induced by the hard NSB defects. The effect of the random electric
fields on the formation of the LTC of the elastic deformations is investigated also. It will
be shown that even the unavoidable NSB defects formed by the oxygen vacancies can give
rise to a dynamic transition in the nominally pure QPE.

The article is organized as follows. In section 2 we present the model Hamiltonian that
takes into account the effects of the strong local NSB and the weak SB defects on the polar
optical soft modes and the electrostrictive interaction of the polarization with the elastic
deformation. In section 3 we consider the closed dynamic equations for the polar and the
elastic displacement—displacement relaxation functions within the framework of the mode-
coupling theory. In section 4 we show, on the basis of the self-consistent equations for
the non-ergodic parts of the relaxation functions, that defects like the oxygen vacancies can
induce a dynamic transition from an ergodic to a non-ergodic state in QPE. We also analyse
the conditions that must be met for the dynamic transition to be induced by the unavoidable
oxygen vacancies in the nominally pure Srfi@nd KTaQ. Finally, in section 5, we list
our conclusions.

2. The model Hamiltonian

The lattice of QPE exhibits a ferroelectric instability, which is described by the Hamil-
tonian [28]

H" = Z % [uéfm FAL) +C) ) & <r>>2} U ()
ah _ @ 4 4 4 % 2 2 2 2 2 2
Uty = =7 [E ) + ) + 8m] + S [EE @) + E0E ) + 8mEm)]
@

where A < 0 is the condition for ferroelectric instability, which is stabilized by the
anharmonic termd/“"(r), the local polarization is defined by the,(r) = z&,(r)/v.
(z is the electric chargey. = a® is the volume of a cellg is the lattice constant)y is the
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reduced mass. Using the Fourier transforms

£y (r) = D el (k)y, (k)e*r
kv

1
VN
the Hamiltonian (1) can be expressed in terms of ferroelectric soft modes for the paraelectric
state in the long-wavelength limit as [28]

1
HE" =375 [ (=R)3utk) + witk, Ty (—R)y k)] ®)
k,v

Here the ferroelectric soft modes have the usual form
w?(k, T) = w?(0, T) + s°k?

4
w20, T) = 8,,Q2 + A(T) )

with Q2 = A/u ands? ~ Ca?/u. The ferroelectric instability$¢? < 0) is stabilized by the
anharmonicity of the lattice\, (T'), which is mainly caused by the term (2) in the form

_ v v V4 Y
A(T) = ;B (0 0 _q q)<yy(—k)yy(k)>
where the first coefficient can be expressed Bs and Bip, and (y,(=k)y,(k)) is
the thermodynamic mean square displacement fluctuation. For the QPE, the condition
A (T) = 8,,A(T) is realized. This leads t@?(0, T) = §,,w?(0, T). The temperature
dependence oA (T) is determined by

RBw, (k, T))} )

3
(yy (—R)y, (k) = 20 (6. T) [coth( >

where 8 = 1/kgT. For a lattice which undergoes a ferroelectric phase transition, the
condition wf(O, T.) = 93 + A(T,) = 0 is realized. The identifying feature of the quantum
paraelectrics SrTiQand KTaQ is that

w20, T=0)=Q>+A(T =0) >0

(see [29] and [30]). In this case, due to quantum mechanical zero-point oscillations, the
ferroelectric instability is suppressed by the quantum mechanical zero-point fluctuations
that give rise to the non-zero value of the mean square displacement fluctuations (5) near
T = 0, and the paraelectric state remains stable down to the lowest temperatures. This
gives rise to the peculiarities of the temperature dependence of the soft mées ).
As follows from (5), the temperature dependenceugfO, T) in the QPE is linear in"
for large kyT > hw,(k, T) (the classical region) and temperature independent for small
kgT <« hw,(0,0) (the quantum region). As a result, the ferroelectric mageg0, 7) in
the QPE softens a& — 0 and takes the small value?(0, T = 0) > 0 near7 = 0. For
further details on this topic, we refer the reader to [29] and [30].

The interaction of the polarizatioR, (r) with the elastic deformation,g(r) in the QPE
takes place via the electrostriction. The electrostriction is the third-order anharmonic term

HY" = —veDapys ¥ Pu(r) Pp(r)uys(r)
T

1 |:3Ma(r) N au,g(r)] (6)

Maﬂ("') - E 8I‘ﬂ ara

whereu, (r) is the displacement centre of mass of a unit cell. It also contributes to the
formation of A(T) in (4) [28]; however, this contribution is small (the second order of the
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perturbation theory) in comparison with the main contribution from the term (2) (the first
order of the perturbation theory).

Let us consider the effects of defects on the lattice. In this paper, we consider the case
of a small concentration of independent defects. The interactions of the defects with the
lattice have the form

1
HY =) Ser)(Ag— AEXw) + ) E (n)E(r)

r,o r,o (7)
c(r) = Z Spr, = (1) + Ac(r).

Here A; < 0 andA, > 0 correspond to the soft and the hard local NSB defects at sites
r; with the concentratiom(r). ¢(r) = ¢ is the mean concentration, atd:(r) = c(r) — ¢
is the fluctuation of the concentration with

Ac(r) =0 Ac(r) Ac(r') = 8ppc(1— ). (8)

E (r) represents the random field induced by the local SB defegis(¢) = 0); the
overbar indicates configurational averaging. The defects (7) can modify the parameters of
the lattice. So, the local NSB defects modify the paramdters follows:

A(r) =A+c(Ag — A) + Ac(r)(Ag — A) (9)
whereas the random local field&/ (r) of the SB defects give rise to displaced oscillators
with the thermal fluctuationg, (r) near the new equilibrium positiorgg’ (r):

£,(r) =&, (r) — &) (r). (10)

In terms of thet/, (r) and&}' (r), the anharmonic interactiorfg;””, are modified. Using the
Fourier transforms
1 . 1 .

E(r) = ——== ) & (e = == el (k)x, (k)"

VN Xk: VN %:

1 oo
o (1) = NGO ;uuk)é’“

one can represent the random local piezoelectric coupling, which is the main contribution
of the third-order anharmonic interaction (6), in the form

Hji’,,z—ZQ(Z ’ V)s;’<k)xu<p)uy<q)

P q
k
pbkq )LZ (11)
. Ve v
0 (,Z . Z) = 5 (Dupys + D)y (R)efj (PIas Mk + P + @)

where the usual electrostrictive term, which is expressed in terms af, tk¢ and theu,, (k)
only, can be omitted, because it does not give rise to any dynamic anomalyM28]the
total number of cells in the latticd/ is the mass of a cella (k1 +- - -+ k) is equal to one

or zero depending on whethgi + - - - + k, is equal to a vector of the reciprocal lattice or
not, andi? = z2/v2u. It is such an effect of the&”/ (r) on the lattice with electrostrictive
interaction that is observed in the mixed crystalg RENH,). H,PO, [20]. Using the lattice
parameters modified by the defect’” can be represented in the long-wavelength limit as

H' =Y % [%0 (— k)3, (k) + wi(k, T, o)x,(—k)x, (k)]
k,v

1 Vo
+ % 2Q (k » q) Ac(k)x,(p)x,(q) (12)
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where the modified ferroelectric soft modes have the form
wf(k, T,c) = wf(O, T,c)+ 52k2
w2(0, T, ¢) = Q>+ A(T) + cG

with G = (A;—A)/u. The second term in (12) represents the random transition temperature
with

(13)

kE p q VN

In terms of the displacemenisg, (k), the Hamiltonian of the acoustic modes can be
written in the long-wavelength limit as

1
Q( v M)=_Zce;(p)eg(qm(k+p+q)~

1
HPM =% 2 [iu(—k) - (k) + Agg (K)ug(—k)ug (k)
Xk: 51 s p(k)] (14)

Agp (k) = v7k%gls + V7Kgl
where g, = 845 — nang is the projection operator of the transverse acoustic mode,

g([xﬁ = nqyng 1S the projection operator of the longitudinal acoustic mode, rane: &,/ k.
Using (11)—(14), the model Hamiltonian, which takes into account the effect of the
defects on the lattice parameters, has the form

H=H"+ HM + H". (15)

As indicated above, the quantum fluctuations are very important in the study of the low-
temperature phase in the QPE and, therefore, the quantum commutation relations have to be
taken into account. The commutation relations for the ferroelectric modes have the usual
form

[xv(_Q)s xu(k:)] = ISUMA(k - Q)
[x,x] =[x,x] =0.
The commutation relations for acoustic modes are written in the form

[Ma(—(I), uﬂ(k)] =845 A(k — q)
[u,u] =[u,u] =0.

3. Dynamic equations

To study the dynamic behaviour, we derive the dynamic equations for the relaxation function
®;;(t). The function®;;(z) is defined by [31]

_ B
ij(1) = (Aile]4)) = % / de {4 —i7), 4)) (16)
0

where (---) is the thermodynamic average of a set secular dynamic varigbiegs

A; = A; — (A)) is the dynamic fluctuation oA}, andLA; = [H, A,] is the Liouville oper-

ator. The relaxation functio®;;(r = 0) determines the static thermodynamic susceptibility
Xij = B(Ai|Aj) = BD;;(t =0). (17)

The long-time anomalies ob;;(t) can be characterized by singularities of the Laplace
transform:

®,(2) = —(Ail(z = £ YA} = / dr €0, (1) (18)
0
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for z — 0 for Imz > 0. ®;;(z) defines the Kubo susceptibility;; (z) as follows:
Xxij (@) — xij = Bz®i;(2). (19)

Within the framework of the Mori projection method, the relaxation funcﬁlm) obeys
the matrix equation [31]

[:1-Q-%@)] 2@ =X (20)
where the matriX2 is given by
Qij = BAIILIAD) xi* (21)

and the relaxation kernéL(z) is given by
%) = B(QLA|(z — Q‘CQ)71|Q‘CA/<)X]¢_]‘1 (22)

where Q = 1 — P is the projector onto the space of non-secular variables; the projector
onto the space of secular variablBsis defined by
PA=Y" Ai(AilA) TN (A}|A). (23)
ij
Here we study the anomalies of the dynamic behaviour of the QPE on the basis of

the set of secular variabldg;} = {u,(k), u,(k), x,(k), x,(k)} for the averaged relaxation
function

B -
q)ij(t) = %/ dr <Al‘(l‘ —i7), AJ) (24)
0

within the framework of the virtual-crystal approximation.
The matrix static thermodynamic susceptibility (17) has the form

x‘(k) 0 0 0

0 I 0 0
0 0 0 I
where the displacement—displacement susceptibility olitie) is given by
X (k) = Blua(—k)|up(k)) = Agp (k)™ (26)
and the conjugate momentum susceptibilities are given by
Blia(—F)|ig(k)) = dap (27)
B (=R)|x, (k) = 8y (28)
while the displacement—displacement susceptibility ofith@) is given by
. I I 81)[/.
0 = v(— = —"—/]". 2
Xou (k) = B(xy(=k)|x, (k) W2 (T, ¢, k) (29)
Here the ferroelectric modes have the form (13).
For the matrix€2, equation (21), the matrix elementa;|L|A;) are given by
0 i8ap 0 0
—_ 1| —idge O 0 0
AILTA) =p7+| ~F (30)

0o 0 0 B,
0 0 —is, O
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Using the (25) and (30), the matrf? is written as

0 . il 0 0
as( s 5
0 0 —ix’(k)t 0
The matrix of the relaxation kern&l(z, k), equation (22), has the form
0 0 0 0
S |0 =GR 0 0 (32)

0 0 0 0
0 0 0 Xz k)

with non-vanishing elements

£0(z k) = B(QLA |z — QLO)YQLA))

whereo = a ando = o correspond to secular variableg(k) andx,(k). Unfortunately,

the relaxation kernels have an intricate form. The formzkgf(z, k) can be simplified by
making a mode-coupling approximation, i.e. the relaxation kernel becomes a power of the
relaxation function, taking into accou@t£Q — £ [9, 15, 32]. In addition, configurational
averaging has to be carried out. In this work, it proceeds by means of the VCA. Within the
framework of the VCA, the relaxation kernel can be represented as a power of the averaged
relaxation functiongb? (z, k) (see [9] and [15]). As a result, the relaxation kermefyz, k)

are given by

Eip(zvk):_ﬂ;Q<—kv—p . Z)Q<k4vrp L —pk)

x EN(—p)EY (P) P4, (z, —p — k) (33)
ESV(Z’k)Z_’BXP:Q(p ok II;)Q(—p Pk —Vk>

x Ac(—p) Ac(p)®!,,(z. —p — k)

—ﬂijQ(Z Z —py—k>Q<—vk —Mp Pik>

x E1(=p)&s (PP}, (2, —p — k) (34)

where ®g,(z, k) is the acoustic displacement—displacement relaxation function

Ol (2, k) = DLz, k) = —(ua (k)| — L) Lup (k) (35)

and @9, (z, k) is the optical displacement—displacement relaxation function

7, (z, k) = @5 (2, k) = —(x, (k) |(z — L)~ Hx, (k). (36)

It should be pointed out that the VCA can be used in the case of independent defects.
However, this condition cannot be satisfied for the concentrations for which the correlations
between the defects arise. In the soft lattice of the QPE, this effect can be important for
concentrations of the SB defects @f > 10°2 (see [2] and [3]) and of the NSB defects
formed by oxygen vacancies with> 1072 [7].
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Using (20), (25), (31), and (32), we can obtain the dynamic matrix equations:

ZI —il 0 0 Puu @uu Hux @u}'c
i(Xa)71 7zl — e 0 0 (I)uu (I,uu q)t'tx q,ux
0 0 zl —il SO SN S S
0 0 i(X())—l 7zl — 30 (I)fcu ‘I,x'u (I,frx ‘I))'c)'c
X 0 0 0
a0 1 0 0
- ,3 0 0 Xo 0 (37)
0O 0 0 1
For the first column of the matri® in (37), we obtain
Z(I)uu _ i(I)lku — _IB—lxu (38)
and
i(Xa)_l‘i’Mu + (ZI _ Ea)i)[m =0 (39)

After elimination of®**, we find the equation for the displacement—displacement relaxation
matrix @44 = ®“(z, k):
[2%1 = 22z, k) — X (R) '] ®(2, k) = =B [zl = (2, B)] x“ (R). (40)
Using the third column of the matri®, a similar equation is obtained for the displacement—
displacement relaxation matri@** = ®°(z, k):
[2%1 = 22%(z. k) — x°(k) 1] @°(z. k) = =B [zl — 2°(z. k)| X° (k). (41)

From the closed set of dynamic equations (33), (34), (40), and (41), one can determine
the displacement—displacement relaxation functtbf}(z, k). Using the 7 (z, k), the

corresponding correlation functiam; (¢), A;) can be obtained by means of the fluctuation-
dissipation theorem [31]:

1
5(Ai(0), A)) 2/

oo T l1-e

+ood .
dw 7|wz'3—wﬁw|m<bfj(z=w+ie). (42)

As a result, the time dependence of the correlation functidn&), A;) enables us to study
the changes of the dynamic behaviour of the QPE.

4. The non-ergodic state induced by defects

The type of the dynamic state (ergodic or non-ergodic) is determined by the behaviour
of the long-time correlation function of the fluctuatiofs;(r — oo), 4;). In the ergodic
state, there is a decay of the correlation function of the fluctuations over time to zero:
(A;(t — 00), Aj) = 0. In the non-ergodic state, there is a decay of the correlation function
of the fluctuations over time to a non-zero valugi;(t — o0), A;)/2 = LY > 0. As

seen from (42), the non-zero value of the non-ergodic paranigfes 0 corresponds the
spectral function

Im @7, (z = @ +i€) = 7 L];6(w) + regular terms

which demonstrates the central-peak phenomenon, or the relaxation function in the form
[32]
o

of(z) = ——L. (43)
<
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Let us transform (40) and (41) into the form (19). We have

BL (k) = B Jfl(—z@“(z, k)) =x"(k) — x°(z, k)
) 1 (44)
22°(z, k) + (x° (k)1

wherex? (z, k) is the matrix of the Kubo susceptibility [31], ang’ (k) is the matrix of the
thermodynamic susceptibility (equations (26) and (29)). As seen from (44), the non-ergodic
state takes placd.{ (k) > 0) if the conditions

x°(z, k) =

lim zEf’j(z, k)>0
z—>le
are fulfilled.

Let us study the condition that must be met for the dynamic transition from an ergodic
to a non-ergodic state to occur in detail. To simplify further consideration, we use the
approximations foix¢ (z, k) of (34). (i) We neglect the second termXf, (z, k) (the case
of strong NSB and weak SB defects). (ii) As noted above, the lattice of the QPE does not
undergo a ferroelectric phase transition and does not have a critical region. In this case, the
consideration can be carried out in terms of a mean-field-type approximation that gives a
k-independent’ (k) ~ L, non-ergodic parameter. This approximation was also used for
the study of the appearance of the dynamic transition from an ergodic to a non-ergodic state
outside the critical region of the ferroelastic phase transition for the mixed cyanide crystals
K(CN),Br;_, and (KCN)(NaCN),_, [15]. As follows from (8), the correlation function
of the density of the NSB defects is algaindependent:Ac(—p) Ac(p) = c(1—c¢). As a
consequence of the proposed approximations, the optical relaxation kekaigldependent:

X9 (z, k) ~ X9 (z). Using the polarizatior?, (k) instead of the variables, (k), the self-
consistent equations (34) and (41) can be written in the more convenient form for one of
the (100 directions:
LE,/xL, (k c(l—c¢)G?
e = el Ol ) = C LA ). (4
Here the relationd.?, = L}, = L’ are assumed, antl}, is written in terms of the local
polarizationsP, (r) as

1
Ly, =5 [(Palr T =000 P = 7 (46)
gl = (P )2 = (B2 ~ eyl =) 47)

where g? is the static glasslike parameter that is induced by the frozen SB defects with
concentrationc,, and xdaw (k) = A2/w(T,c, k). For the parametep? = BLY./xdw(0),
equation (45) ak = 0 takes the simple form
@’
1— P
G 2
F'(T,o)=c(l—c)| —— ) . 49
(T, c) = c( c)<w§(T,c,0)) (49)
According to the article [32], the continuous dynamic transition from an ergodic to a non-
ergodic state takes place under the conditfdi(T, ¢) > 1. As a result, the parameter

1
Fr(T, c)

= FP(T, c)p? (48)

o =1 (50)
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which characterizes the non-ergodic state rises continuously fgr7,. The temperature
of the dynamic transitiorf, is found from the condition

FP(Ty,c) = 1. (51)

The conditions for the existence of a dynamic transition from an ergodic to a non-ergodic
state (equations (49) and (51)) require a weak stiffening of the soft mddE, c, 0) =

w?(T) + Gc and a strong dispersion of the random transition temperatures described by
%0 (z, k = 0) (~c(1—c)G?). This case corresponds to very hard defects (i.e. a very large
value of the parametar).

Let us estimate the lowest concentration of NSB defects that can induce the dynamic
transition in the nominally pure QPE. In this work, we suggest considering the oxygen
vacancies as very strong NSB defects that can actually induce a dynamic transition. This
suggestion is based on the experimentally observed tremendous shift in the ferroelectric
mode frequency with change in the oxygen vacancy concentration in SffjOThe effect
of oxygen vacancies corresponds to the action of very hard NSB defegts>(|A|) with
a very large valueG ~ 6800 cnt? per at.% of oxygen vacancies (&v7./at% of oxygen
vacanciesr 250 K) [7]. A similar effect of oxygen vacancies occurs for the soft structural
modes in SrTiQ [33, 34]. Nevertheless, the value 6f for the ferroelectric mode is one
order of magnitude larger than that for the structural mode [34]. Substituting the value of
G and the experimental value?(T ~ 30 K, ¢, 0) ~ 500 cn1? [2] into the condition (51),
we obtainc ~ 0.6 x 1076 for 7, = 30 K in the nominally pure SrTi@ In KTaQOs, the
effect of oxygen vacancies is also very strong [8], but the valu& olunfortunately, is
unknown. If we take the value of for SrTiO; and w?(T ~ 40 K, ¢, 0) ~ 900 cnv2 [2],
we can estimate the lowest concentration of oxygen vacancies which can induce a dynamic
transition in KTaQ. As a result, we have ~ 1.7 x 10-° for 7, = 40 K in nominally pure
KTaOs. On the basis of the experimental study of the effect of oxygen vacancies on the
soft structural modes in SrTthe estimate of the concentration of oxygen vacancies in
nominally pure SrTiQis ¢ ~ 2.5x107° [33]. This concentration is considerably higher than
the concentration of oxygen vacancies needed to give rise to the formation of a non-ergodic
state at low temperatures. Hence, a dynamic transition from an ergodic to a non-ergodic
state can actually be induced by the unavoidable oxygen vacancies acting as very hard NSB
defects in SrTiQ and KTaQ.

A non-zero value of the polar non-ergodic parametérfor T < 7, can also give rise
to non-ergodic behaviour of the acoustic displacement—displacement relaxation function
Pd“(z, k) because

lim (=zX%(z, k)) > 0.

To simplify further investigation, the approximations for the acoustic relaxation kernel
3“(z, k) are used. As in equation (45), we neglect thelependence of both the polar
relaxation function®?(z, p) and the correlation function of the static polar displacements
&' (—p)é;! (p) induced by the random fields of the SB defects. As a result, we obtain for
k along one of thg100 directions

. k2
lim (—z3%(z, kq)) = ;“UCADfqu,nga (52)

z—>le

where L%, and g” are given by (46) and (47) respectively, the conditions for the
electrostrictive constant®;; > D1y, Dyg [5] are used, anb = M/v.. To study the
behaviour of the acoustic non-ergodic parameter

L (k) = lim (~28* (2, k))
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in detail, we transform (40) into a more convenient form, fomlong one of the(100
directions:

IBLa (ka)Aaot(ka) kz 2 -1
- = =225,z ko) Xooy (ka) = —v:D3q" BLE, ALy (ko) 53
1— BLE, (k) Aua k) p ePud’p 3)
where A, (k,) is defined by (14). In addition, it should be noted that the right-hand part
of equation (53) isk-independent. As a result, the paramepér= BLS  (ky)Aye (ky) iS
k-independent also. For the paramepér equation (53) has the form

(p(l

= T (54)
eT) ,

F(T, = ——Df5.q" ~ 1-— . 55

(T, cq) 47Cry 119 ca( cq) ( )

Heree(T) = 4mr2v./w2(T, ) is the dielectric susceptibility, an@; = pv? is the elastic
constant. As seen from (54), the conditions for a non-zero value @f“tmrameter, which
characterizes the non-ergodic behaviour of the fluctuations of the acoustic displacements,
are F*(T, c¢;) > 0 andg” > 0, which are the same as the conditions for a non-zero value
of ¢”, equation (51) (i.eT < T,). Hence, the SB defects do not change the condition (51),
but have the effect on the formation of LTC of fluctuations of acoustic displacements. As
noted above, a similarly unusual sudden formation of polar quasi-static lattice distortions
of nominally pure KTaQ lightly doped with SB defects af ~ 40 K was detected by the
NMR method [19]. From (54), one obtains

o FUT, cpeP
YT IR FAT copr
where the parametegr® is k-independent, while the acoustic non-ergodic paramefeck,)
is k-dependent and has the form

_yr
kZpv}
As seen from (57), thé-dependence of the acoustic non-ergodic parameter corresponds
to the formation of a long-time correlation of long-wavelength fluctuations of the acoustic
displacements (or a strain-domain-like state). In this case, the large correlated regions of the
acoustic displacements (or strains) are formed more easily than the small correlated regions
of the acoustic displacements. A similar phenomenon takes place in the non-ergodic state
of the mixed cyanide crystals K(CN\Br;_, and (KCN).(NaCN),_, [15].

The LTC of long-wavelength fluctuations of the acoustic displacements is very important
for clarifying the origin of the domain-like state. It should be noted that the magnitude of the
acoustic parameter” is much less than that of the polar parametér(for the case of very
hard NSB defects). In this case, the weak long-time correlation of the long-wavelength
fluctuations of the acoustic displacements is difficult to observe in comparison with the
long-time correlation of the local fluctuations of the polar displacements. To make the
strain-domain-like state easy to observe, the crystals of QPE need to be doped with SB
defects that induce random electric fields. The latest investigations of Kligi@ly doped
with off-centre Li ions [35] show that the slowly hopping dynamics of dipole (electric and
elastic) moments of Li is frozen in the non-equilibrium statd’at 50 K, and they cannot
take on long-range order, while linear birefringence developgfer 7,,, which corresponds
to the formation of a strain-domain-like state [36]. In this case, the frozen dipole moments
can act as random fields, and can give rise to a readily observed strain-domain-like state.
Furthermore, the threshold temperature of the dipole glass diate,40 K for x ~ 0.22

(56)

a

Lyo (ko) = (57)
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for K;_,Li, TaG; [37], corresponds to the temperature of the anomaly in the vicinity of
40 K for nominally pure KTa@ [19]. In this case, the condition for a non-ergodic state in
nominally pure KTaQ@ can dictate the condition for glass state formation in Ki, TaO;.

The latest study of the effect of the cooling rate on the time dependence of the dielectric
constant [17] confirms the existence of non-ergodic states in both nominally pure;lanaO
Ki_,Li,TaGs (x < 0.025). A similar phenomenon, in the form of non-analytic behaviour of
the polarization response, which depends significantly on the small electric field amplitude
and is independent of the frequency, has been observed far KNk, O3 (x < 0.009) [38],

for which the dipole glass state appearsTat Furthermore, this behaviour—in contrast to

the case for the usual dipole glass—persists for temperats K) that are appreciably
higher than the temperature at which the peak of the response is observed. In view of
this, the non-analytic behaviour of the response can be associated with the existence of a
non-ergodic state caused by oxygen vacancied jo¢ T,.

The results presented above demonstrate that a dynamic transition can be induced by
oxygen vacancies in SrTgand KTaQ. In this case, the concentration of the oxygen
vacancies is the crucial parameter of the theory. The theory can be easily verified by
means of reduction (i.e. the increase of the concentration of the oxygen vacancies) or
oxidation (i.e. the decrease of the concentration of the oxygen vacancies) treatment of
SITiO; and KTaQ. For lightly reduced samples of QPE with < 10°%, one has
w?(T, ¢,0) ~ w2(T,0,0), where the ferroelectric mode of the pure lattieg(7, 0, 0)
softens ag" — 0. In this case, as seen from (49) and (51), the temperature of the dynamic
transition 7; increases with increasing concentration of oxygen vacancies. In connection
with this, it would be of considerable interest and is of importance to test the effects of
reduction and oxidation treatment on the non-ergodic states in SB-doped and nominally pure
SrTiO; and KTaQ.

5. Conclusions

On the basis of a closed set of dynamic equations under the mode-coupling approximation,
this investigation demonstrates that hard NSB defects formed by the oxygen vacancies
can cause a dynamic transition from an ergodic to a non-ergodic state in the QPE. As a
consequence of this, LTC of the local fluctuations of the polar displacements (the polar
non-ergodic parameter) continuously arisesfog Ty.

At the same time, LTC of long-wavelength fluctuations of the acoustic displacements
(the acoustic non-ergodic parameter) is also induced by NSB defects via the random local
piezoelectric coupling fof' < T,. The random local piezoelectric coupling is caused by
the electrostrictive interaction modified by the random electric fields of the SB defects.
The acoustic non-ergodic parameter manifests itself as a strain-domain-like state without
modification of the lattice symmetry.

The estimations which are based on the conditions that must be met for the dynamic
transition to occur obtained here show that the unavoidable oxygen vacancies in the
nominally pure SrTiQ and KTaQ can lead to a non-ergodic state. If the unavoidable
oxygen vacancies are not sufficient in number to induce a dynamic transition, the required
concentration can be obtained by a reduction treatment.

The conditions that must be met for a non-ergodic state to be induced by oxygen
vacancies in the vicinity of’ ~ 40 K in nominally pure KTa@ can determine the threshold
condition for the appearance of the glass state 4in,Ki, TaO;, where the dipole moments
of Li off-centre impurities are frozen in the non-equilibrium state for- T, and cannot
take on a long-range order.
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The results obtained above show that the elucidation of the role of oxygen vacancies in
the formation of a non-ergodic state in Srgié@nd KTaQ is a very important and interesting
problem, and requires further experimental and theoretical investigation.
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